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{¨��� §L©¨��{�0©ªQ §{ ¨{��0¡ ~¡ |0��¡ ~{ª� §{ |©)�¡0§§¡ ~¡ (0ª ¨�¡ª~ )ª }¡�R
�{0ª (©§)«¡ V �)0 {({ª� ��{0� ©}})¨� ¨{� ~) (0ªS v�Q §©�� ~¡ §L©¨��{�0©ª
©ª ª¡ ¨¡�~ ¨{� ~¡ §0�)0~¡ ¡� ©ª { ¡ª}©�¡ §{ «�«¡ �){ª�0�� ~{ª� }¤{�)¡
|©)�¡0§§¡S i©ª} }L¡�� ¨��}0��«¡ª� }¡ (©§)«¡ V ~¡ (0ª �)0 �¡ ��©)(¡ «{0ªR
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M}N y©0� an M�¡�¨S bnN §{ ¨�©¨©��0©ª ~¡ |0��¡ ~{ª� §{ |©)�¡0§§¡ ~¡ (0ª M�¡�¨S ~¡
|0��¡N {¨��� §{ nR0�«¡ ©¨��{�0©ªS j(0~¡««¡ª�Q {) ~�¨{��Q a0 = 0 ¡� b0 =
1S i��{0§§©ª� §{ (n+1)R0�«¡ ©¨��{�0©ªS jª ��{ª�({�{ª� )ª¡ ¨�©¨©��0©ª pQ
0 < 1 < pQ ~¡ §{ |©)�¡0§§¡ ~¡ (0ª ~{ª� §{ |©)�¡0§§¡ ~¡ |0��¡Q ©ª ©|�0¡ª�
¡ª}©�¡ §{ ¨�©¨©��0©ª an ~{ª� §{ |©)�¡0§§¡ ~¡ (0ª ¡� §{ ¨�©¨©��0©ª 1

1+p
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pan) ~{ª� §{ |©)�¡0§§¡ ~¡ |0��¡S jª �¡��{ª�({�{ª� ©ª ©|�0¡ª� {§©��
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p

1 + p
(bn + pan) =

1

1 + p
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1

1 + p
(bn + pan).
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i©ª} {(¡} §¡ ���)§�{� ~¡ M{N ©ª ��©)(¡ lim an = lim bn = 1/2S

WS s¡ }¤¡«0ª ~0�¡}� ¨©)� §¡ |{�¡{)¬ ¡�� )ª £�{ª~ }¡�}§¡ �)� §{ �¡��¡Q ~©ª} )ª
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«{�0ª ¡�� §{ ~�©0�¡ ¡ª��¡ §¡� ~¡)¬ �§¡�S vª ¢¡�{ )ª¡ ¡��)0��¡ ~) £�{ª~ }¡�}§¡Q
©� O ~��0£ª¡ §¡ }¡ª��¡ ~) }¡�}§¡Q M ¡� R §¡� ~¡)¬ �§¡�Q S §¡ «0§0¡) ~) �¡£«¡ª�
~¡ ~�©0�¡ ¡ª��¡ M ¡� SQ ¡� α §L{ª£§¡ MORS vª {

α : (2π) = 150 : 40000,

OM = 40000 km : (2π),

OS : OM = cos(α/2).

s{ ¨�©¢©ª~¡)� ~¡«{ª~�¡ ¡�� {§©��

OM − OS = OM − OM cos(α/2) = OM(1 − cos(α/2))

= 20000 km/π(1 − cos(3π/800)) = 441, 78 m.

hL¡�� ~©ª} |¡{)}©)¨ ¨§)� �)¡ §{ ¨§)¨{�� ¨{�«0 ª©)� {)�{0¡ª� ¡��0«�SSS

XS M{N y0 §¡� ~¡)¬ ¢©ª}�0©ª� �©ª� �©§)�0©ª�Q ©ª ~©0� {(©0� ax2 − 2x = −b ¡�
ax3 − 3x2 = −bQ ~©ª} a(x3 − x2) − 3x2 + 2x = 0Q ~L©�

a = 3x−2
x(x−1)

,

b = − x2

x−1
.

M|N sL��){�0©ª ~0;��¡ª�0¡§§¡ (∗) ¡�� §0ª�{0�¡Q ~¡ ¨�¡«0¡� ©�~�¡Q ¡� �)� }¤{�)¡
0ª�¡�({§§¡ Ij §¡ }©�C}0¡ª� ~¡ y′ ª¡ �L{ªª)§§¡ ¨{�S h©««¡ x2 ¡� x3 �©ª� ~¡)¬
�©§)�0©ª� §0ª�{0�¡«¡ª� 0ª~�¨¡ª~{ª�¡�Q ª©)� �{(©ª� {§©�� ¨{� §{ �¤�©�0¡ ~¡�
��){�0©ª� ~0;��¡ª�0¡§§¡� §0ª�{0�¡� �)¡ §{ �©§)�0©ª £�ª��{§¡ �)� Ij ¡�� ~©ªª�¡
¨{� yj = x2 + λj(x

3 − x2)Q ©� λj ∈ R, j = 1, 2, 3S

M}N iL{¨��� }¡ �)0 ¨��}�~¡ §{ �¡���0}�0©ª 	 §L0ª�¡�({§§¡ Ij ~L)ª¡ �©§)�0©ª f ~©0�

��¡ ~¡ §{ ¢©�«¡ yj = x2 +λj(x

3 −x2)S s{ }©ª~0�0©ª f(−1) = 0 ~��¡�«0ª¡
λ1 = −1/2Q ¡� §{ }©ª~0�0©ª f(2) = 0 ~��¡�«0ª¡ λ3 = −2S t{0ª�¡ª{ª� 0§
¢{)� }¤©0�0� λ2 }©ª(¡ª{|§¡«¡ª�Q ¨©)� �)¡ §{ G�¡}©§§�¡G f �©0� ~¡ }§{��¡ C1S
iL{|©�~ ¨{� }©ª�0ª)0�� 0§ ¢{)� �)¡ y1(0) = y2(0) ¡� y2(1) = y3(1)S vª (©0�
0««�~0{�¡«¡ª� �)¡ }¡� ~¡)¬ }©ª~0�0©ª� �©ª� (��0<�¡� ¨©)� �©)� §¡� }¤©0¬
~¡ λ1, λ2, λ3S �©)� �)¡ f �©0� }©ª�0ª)«¡ª� ~0;��¡ª�0{|§¡ ¡ª U 0§ ¢{)� ¡� 0§
�)C� �)¡ y′

1(0) = y′
2(0)S t{0� ¡ª}©�¡ 0}0 y′

1(0) = y′
2(0) = 0 ¨©)� �©)� §¡�

}¤©0¬ ~¡ λ1, λ2S jª �¡({ª}¤¡ §{ ~¡�ª0��¡ }©ª~0�0©ªQ y′
2(1) = y′

3(1)Q ~©ªª¡
2 + λ2 = 2 + λ3Q ~©ª} λ2 = λ3 = −2S s{ ¢©ª}�0©ª ~¡«{ª~�¡ ¡¬0��¡ {§©��
¡� ¡§§¡ ¡�� )ª0�)¡S
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�)¨¨§�«¡ª�{0�¡� y′′

1(0) = y′′
2(0) ¡� y′′

2(1) = y′′
3(1)S j§§¡� �L�}�0(¡ª� 2(1 −

λ1) = 2(1−λ2) ¡� 2(1+2λ2) = 2(1+2λ3)S i©ª} §¡� }©ª~0�0©ª� ¡ª��{0ª¡ª�
�)¡ ¨©)� �©)�¡ �©§)�0©ª ~¡ (∗) ~¡ }§{��¡ C2 ©ª ~©0� {(©0� λ1 = λ2 = λ3Q ¡�
}¡}0 ªL¡�� ¨{� (��0<� ¨©)� §L)ª0�)¡ �©§)�0©ª ~¡ }§{��¡ C1 ��©)(�¡ }0R~¡��)�S
i©ª} 0§ ªL­ { ¨{� ~¡ �¡§§¡ �©§)�0©ª ~{ª� §{ }§{��¡ C2S

YS �ª¡ }©ª~0�0©ª ª�}¡��{0�¡ ¨©)� �)¡ §L¡�¨{}¡ ~¡� �©§)�0©ª� { §{ ~0«¡ª�0©ª VQ ¡��
�)¡ §{ «{��0}¡ ~) �­���«¡ ¤©«©£�ª¡ {��©}0� { §¡ �{ª£ WS h¡��¡ «{��0}¡ ¡��

M =




1 − p 1 1
1 1 − q 1
1 1 1 − r


 .

y©ª ~��¡�«0ª{ª� ¡�� det(M) = pqr − pq − pr − qr. �©)� ��©)(¡� §¡ �{ª£ ~¡ M
{(¡} 0 ≤ p, q, r ≤ 2Q 0§ ­ { ¨§)�0¡)�� }{� 	 }©ª�0~��¡� _
5 f) «©0ª� )ª ¨{�«0 §¡� p, q, r ¡�� ª)§S
y0 p = q = r = 0Q ©ª (©0� 0««�~0{�¡«¡ª� �)¡ �£MMNbVS
y0 ¨��}0��«¡ª� W ª©«|�¡� ¨{�«0 p, q, r �©ª� ª)§�Q {§©�� det M = 0 ¡� 0§ ­ {
)ª¡ �©)�R«{��0}¡ 2 × 2 ~¡ �{ª£ WS i©ª} �£MMNbWS
y0 ¨��}0��«¡ª� V ª©«|�¡ ¨{�«0 p, q, r ¡�� ª)§Q {§©�� det M �= 0S vª { ~©ª}
�£MMNbXS

5 p, q, r ≥ 1 ¡� {) «©0ª� )ª ¨{�«0 §¡� p, q, r ({)� VS
y)¨¨©�©ª� ¨{� ¡¬¡«¨§¡ p = 1S f§©�� det M = −q − r < 0Q ~©ª} �£MMNbXS

5 p = q = r = 2S f§©�� det(M) = 23 − 3 · 22 �= 0Q ~©ª} �£MMNbXS
f0ª�0 §L¡�¨{}¡ (¡}�©�0¡§ ~) �­���«¡ ¤©«©£�ª¡ { §{ ~0«¡ª�0©ª V ¨��}0��«¡ª�
�){ª~ (p, q, r) ¡�� (1, 0, 0)Q (0, 1, 0)Q (0, 0, 1)Q (2, 0, 0)Q (0, 2, 0) ©) (0, 0, 2)S sL¡�R
¨{}¡ ~¡� �©§)�0©ª� ~) �­���«¡ 0ª¤©«©£�ª¡ ¡�� {§©�� ~¡ ~0«¡ª�0©ª V ¨��}0��«¡ª�
�0 (p, q, r) ¡�� §L)ª ~¡� }¡� [ ��0¨§¡�� ¡� �0 §¡ �­���«¡ 0ª¤©«©£�ª¡ ¨©���~¡ )ª¡
�©§)�0©ªQ 0S¡SQ �0 §{ «{��0}¡




1 − p 1 1 1
1 1 − q 1 0
1 1 1 − r 0


 .

{ §¡ «
«¡ �{ª£ �)¡ M Q ~©ª} ¡�� ~¡ �{ª£ WS hL¡�� §¡ }{� �¡)§¡«¡ª� ¨©)�
(p, q, r) = (1, 0, 0) ¡� (p, q, r) = (2, 0, 0)S

ZS s{ ¢©ª}�0©ª }©ª�0ª)¡ sin ¡�� x0¡«{ªªR0ª��£�{|§¡S s{ ~�<ª0�0©ª ~¡ §L0ª��£�{|0§0��
ª©)� ~©ªª¡ _

2

π
=

∫ π

0

sin x

π
dx = lim

n→∞

n∑

k=1

sin(kπ/n)

n
.
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[S s¡� �¤�©��«¡� ~L{~~0�0©ª ~©ªª¡ª� _

√
1 − cos x =

√
1 − cos2(x/2) − sin2(x/2)

=
√

2 sin2(x/2)

=
√

2 |sin(x/2)|.

i©ª} ©ª { }©««¡ ¨�0«0�0(¡ −2
√

2 cos(x/2) �)� [0, 2π] ¡� 2
√

2 cos(x/2) �)�
[−2π, 0]S vª ©|�0¡ª� <ª{§¡«¡ª� _

∫ 3π/2

−π

√
1 − cos x dx =

∫ 0

−π

√
1 − cos x dx +

∫ 3π/2

0

√
1 − cos x dx

= 2
√

2(cos(0) − cos(−π/2) − cos(3π/4) + cos(0))

= 2
√

2(2 + 1/
√

2)

= 2(1 + 2
√

2).
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