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(MO( ),+) FTU VO HSPVQF 	BC©MJFO

 DFDJ OPVT QFSNFU EF E©GJOJS
VOF TFDPOEF PQ©SBUJPO � MB TPVTUSBDUJPO�

"+ (�#) = "− #

5PVU HSPVQF QPTT¨EF VOF TFDPOEF PQ©SBUJPO 	TZN©USJRVF EF MB
QSFNJ¨SF
 PCUFOVF   QBSUJS EF MB OPUJPO EF TZN©USJRVF�
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JEࢀ EF MB NVMUJQMJDBUJPO (MO( ),×) FTU�JM VO HSPVQF 
-PJ EF DPNQPTJUJPO JOUFSOF � "× # ∈ MO( ) �
"TTPDJBUJWJU© � "(#$) = ("#)$ �
$PNNVUBUJWJU© � OPO
 FO H©O©SBM "# ̸= #"

�M©NFOU OFVUSF
 MB NBUSJDF JEFOUJU© � "× * = *× " = " �
�M©NFOUT TZN©USJRVF 
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DIFSDIPOT VOF NBUSJDF "′ UFMMF RVF "× "′ = *

[B][B′] = [1]

[BB′] = [1]

B′ =
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B
TJ B ̸= 0

%BOT M1( )
 UPVUF NBUSJDF OPO OVMMF BENFU VO TZN©USJRVF QPVS MB
NVMUJQMJDBUJPO�
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-ًFOTFNCMF EF DFT NBUSJDFT FTU OPU© (-2( )�
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
$IBOHFNFOU EF CBTF � QSPCM©NBUJRVF

B = {VJ} B′ = {WJ}

VJ = αK
JWK WJ = βK

J VK

[Y]B =

⎛

⎜⎝
λ1

���
λO

⎞

⎟⎠ [Y]B′ =

⎛

⎜⎝
µ1

���
µO

⎞

⎟⎠

λJ = G(µK)?

µJ = H(λK)?
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$IBOHFNFOU EF CBTF FO EJNFOTJPO �

B = {V1} B′ = {W1}
Y = λ1V1 Y = µ1W1
V1 = α1

1W1 W1 = β1
1V1

[Y]B = (λ1) [Y]B′ = (µ1)

0O DIFSDIF DPNNFOU QBTTFS EًVOF CBTF   MًBVUSF � DPNNFOU USPVWFS
µ1 DPOOBJTTBOU λ1  

Y = λ1V1
Y = λ1α1

1W1 = µ1W1

1BS VOJDJU© EF E©DPNQPTJUJPO EًVO WFDUFVS EBOT VOF CBTF �

µ1 = α1
1λ

1
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1W1 W1 = β1
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(µ1)B′ = [α1
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1)B′
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1][β

1
1 ] = *

([α1
1])

�1 = [β1
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
$IBOHFNFOU EF CBTF FO EJNFOTJPO �

B = {V1, V2} B′ = {W1, W2}
Y = λ1V1 + λ2V2 Y = µ1W1 + µ2W2

V1 = α1
1W1 + α2

1W2 W1 = β1
1V1 + β2

1V2
V2 = α1

2W1 + α2
2W2 W2 = β1

2V1 + β2
2V2

Y = λ1(α1
1W1 + α2

1W2) + λ2(α1
2W1 + α2

2W2)
Y = (λ1α1

1 + λ2α1
2)W1 + (λ1α2

1 + λ2α2
2)W2

µ1 = α1
1λ

1 + α1
2λ

2

µ2 = α2
1λ

1 + α2
2λ

2
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
$IBOHFNFOU EF CBTF FO EJNFOTJPO �

[V1]B′ =

(
α1
1

α2
1

)
[V2]B′ =

(
α1
2

α2
2

)

µ1 = α1
1λ

1 + α1
2λ

2

µ2 = α2
1λ1 + α2

2λ
2

(
µ1

µ2

)

B′
=

[
α1
1 α1

2

α2
1 α2

2

](
λ1

λ2

)

B

1BB′ =

[
α1
1 α1

2

α2
1 α2

2

]
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
$IBOHFNFOU EF CBTF FO EJNFOTJPO �

.BUSJDF EF QBTTBHF 1BB′ 	UFSNJOPMPHJF BN©SJDBJOF
 �

[V1]B′ =

(
α1
1

α2
1

)
[V2]B′ =

(
α1
2

α2
2

)

[Y]B =

(
λ1

λ2

)
[Y]B′ =

(
µ1

µ2

)

[Y]B′ =

(
α1
1 α1

2

α2
1 α2

2

)
[Y]B
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
$IBOHFNFOU EF CBTF FO EJNFOTJPO �

(
λ1

λ2

)

B
=

[
β1
1 β1

2

β2
1 β2

2

](
µ1

µ2

)

B′

(
µ1

µ2

)

B′
=

[
α1
1 α1

2

α2
1 α2

2

](
λ1

λ2

)

B

1BB′ =

[
α1
1 α1

2

α2
1 α2

2

]
1B′B =

[
β1
1 β1

2

β2
1 β2

2

]

(
λ1

λ2

)

B
=

[
β1
1 β1

2

β2
1 β2

2

] [
α1
1 α1

2

α2
1 α2

2

](
λ1

λ2

)

B

1BB′ = (1B′B)
�1
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
$IBOHFNFOU EF CBTF FO EJNFOTJPO � � FYFSDJDF

V1 = (�1, 2) W1 = (1, 0)
V2 = (2, 1) W2 = (1, 1)

[Y]B =

(
1
3

)
[Y]B′ =

(
?
?

)

�UBQF � � DIFSDIFS MFT DPNQPTBOUFT EFT WFDUFVST EF MB QSFNJ¨SF CBTF
EBOT MB TFDPOEF CBTF �
[V1]B′ [V2]B′

�UBQF � � BQQMJRVFS MB GPSNVMF EF DIBOHFNFOU EF CBTF �
[Y]B′ = 1BB′ [Y]B
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
$IBOHFNFOU EF CBTF FO EJNFOTJPO � � FYFSDJDF

V1 = (�1, 2) W1 = (1, 0)
V2 = (2, 1) W2 = (1, 1)

�UBQF � � FYQSJNPOT MFT WFDUFVST EFT EFVY CBTFT EBOT MB CBTF
DBOPOJRVF
 PO QFVU BMPST ©DSJSF RVF �

(
1 1
0 1

)(
α1
1

α2
1

)
=

(
�1
2

)

(
1 1
0 1

)�1(
1 1
0 1

)(
α1
1

α2
1

)
=

(
1 1
0 1

)�1(�1
2

)

(
α1
1

α2
1

)
=

(
1 �1
0 1

)(
�1
2

)
=

(
�3
2

)
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
$IBOHFNFOU EF CBTF FO EJNFOTJPO � � FYFSDJDF

[Y]B =

(
1
3

)

V1 = (�1, 2) W1 = (1, 0)
V2 = (2, �1) W2 = (1, 1)

�UBQF � � UPVT DBMDVMT GBJUT �

1BB′ =

(
�3 3
2 �1

)

�UBQF � � [Y]B′ = 1BB′ [Y]B
(
�3 3
2 �1

)
×
(
1
3

)
=

(
6
�1

)
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF

$IBOHFNFOU EF CBTF
FO EJNFOTJPO O
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
$IBOHFNFOU EF CBTF FO EJNFOTJPO O

B = {VJ} B′ = {WJ}
Y = λJVJ Y = µJWJ
VJ = αK

JWK WJ = βK
JVK

Y = λJ(αK
JWK)

Y = (αK
Jλ

J)WK

µJ = αJ
Kλ

K

λJ = βJ
Kµ

K
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B = {VJ} B′ = {WJ}
Y = λJVJ Y = µKWK
VJ = αK

JWK WJ = βK
JVK

Y = λJ(αK
JWK)

Y = (αK
Jλ

J)WK

µK = αK
Jλ

J

µJ = αJ
Kλ

K
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
$IBOHFNFOU EF CBTF FO EJNFOTJPO O

VJ = αL
J WL WL = βK

LVK

VJ = αL
J (β

K
LVK)

VJ = (αL
J β

K
L)VK

VJ = δKJVK

αL
J β

K
L = δKJ
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
1SPDIBJO ©QJTPEF

1S©QBSBUJPO   MB EVBMJU© 	FTQBDF EVBM
 CBTF EVBMF
 CJEVBMٲ
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$BMDVM UFOTPSJFM م �� $IBOHFNFOU EF CBTF
"JEFS MB DIB®OF

1PVDF CMFV �
4ًBCPOOFS   MB DIB®OF �
1BSUBHFS TVS MFT S©TFBVY TPDJBVY �
$PNNFOUFS MB WJE©P �
/PVT SFKPJOESF TVS '#
 *OTUBHSBN
 5XJࡻFS �
/PVT BJEFS TVS UJQFFF�DPN
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