7 The PAMO in Ouagadougou: July 2001 PAMO in Ouagadougou 2001: Day 2

Time: 4.5 hours

PAMO in Ouagadougoun 2001: Day 1
Time: 4.5 hours 4. Letn = 1 be an integer and a > 0 a real number. Find the number of solutions (x;,....x,)
of the equation

. . . .5 3 - . i=n " emy
1. Find all integers n = 1 such that == 1s an integer. Y o +{a—x)) = na
=1
2. Letn z | be an integer. A child builds a wall along a line with » identical cubes. He lays

the first cube on the line and at each subseguent step, he lays the next cube either on the
ground or on top of another cube so that it has a common face with the previous cne. 5. Let [x] denote the greatest integer less than or equal to x. Calculate

such that x; belong to the interval [0.4]. fori=1,2,....n.

Let u, be the number of such distinet walls. — &
V] +[v2]+:+ [v200].

1. Find uy, usy, vy and uy.

2. Determine u, in terms of 1.
4. 51 is a semucircle with centre (@ and diameter 48, A circle C1 with centre F is drawn

3. Let ABC be an equilateral triangle and let F, be a point which iz cutside this trniangle such tangent at O to 4F and tangent to 51. A semicircle 52 iz drawn with centre O on AE,
that triangle AF,C is isosceles with a right angle at F. We set AF, = a. tangent to C1 and to 51. A circle C2 with centre R is drawn, internally tangent to 51 and
externally tangent to 52 and C'1.
F
e 4 §.‘F_=. Prove that OPRQ is a rectangle.
A—p, /
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A fly starts from point F, and twrns around triangle ABC as follows:

From F, the fly goes to P} which is the symmetric point of Fy with respect to 4. From
F| it goes to F, which iz the symmetric point of F with respect to B and then to F, the
symumetric point of Fy with respect to C, then to F; with respect to A and 50 on. Compare
the distances F P, and F;F; for all n.



PAMO in Ouagadougon 2001: Day 1

Solutions
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Ifnz Thenl< Tn-3 < Tog 7 n? 4 7 and so there are mo salations for i = 7. We then
check the remaining cases and fnd that the ooly solutonaren — 2 and s — 3.

. Nite that it is impossible to baild a wall with gaps in it, but any wall with Do zaps can be
budlt. We choose 2 vmique methed for building each wall: boild the columnps one ata tme,
poing from left to right. For every block after the first, the child bas two chodces. namaly
o comtone stacking blocks in the current column or to star 2 new colmm. Thus there are
2n-! yyays o build a wall in this way and so there are 271 tmique walls.

Thosuy = 1oy =2 0y =4, 0, = Band u, = 271

. Wi put this info co-ordinate geometry with F, at the origim, 4 at (1,0 and B at {0.1]. Let
D 'be the midpain of 4B, pamely (4.4). Then €D = 340 = 3 - 22 But C lies on the
linex=ysol= |-'-i_—-q-']

FBomdg[d_F) = (2,00
Pl (C-F)= (WI-1,434 1y
Fy=B+[B-F)=[l-31-43)
Pomdyd-F)=14++TI-1)
PO (C—F)=(02)
P, =B+ (B-F) = [0,0)

82



soFy

= F, and so the points cycle with period 6. So using the standard distance formula,

forn=40

1 forn=,1
WA forn=,2
-3 forn=43
) forn=44
|1 forn=g43
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PAMO in Ouagadougoun 2001: Day 2
Solutions

nt = ¥ (3 +a—x)

."—]

=2£x +na‘?—LaZx

i-1
= 2 Er‘j' = Laz.tl,-
= ¥ xi(x;—a) =

ButOgx;a Wisoxx;—a) <0 %iand their sum is 0, so each time nmst be zero. 5o

L

eitherx; = 0 or x; = a for each 7.
For each x; there are 2 choices, s0 there are 2% solutions.

5. Between n* and {n + 1)* there are 2n mumbers. Including »” itself we have 2n 4 1 and so
the sum up to the term ,/Tn+ 1)2 — L is 37 ,i(2i 4 1) since each i is added 2i 4 1 times.
The largest square less than 2001 is 442 = 1936. So the answer is

i:;.zl-l +44- 66—"21 421}44 i)

i=1 i=1 _—]
28T 4 43.22 4 44.66

7.
43.44.204.43.22 4 44. 66
38718

6. Construct BT where T is the point of tangency of C; and 5;. Let this line intersect &y at D
and 5y at E.




We will now prove that D is on PR and E on R, and that P! | POand EQ | OQ. Firstly
#B= /T =45 and PO | OB (radms perpendicular to tangent). In 5. EQ = OF (radit)
and so #BEQ = /EB0 =45 and EQ | 0B. Simlarly in Cy, PD} = PT and so FD) | PO.
MNow to prove D en PR and E on R we will have to show that R’ the mtersection of FD

and E{ is the same as K. To do this it suffices to show that the distances from R' to 5, D
and E are the same.

Now B'OOF is a rectangle (4 night angles) and the line DE cuts it at 437 to the sides, so
DR' = ER'. The distance from E' to 5, 15

OT - OR'=2P0—-PQ  (diagonals of rectangle)
=2P0_[PO4+EQ) (radii)
=PO-EQ
=QR -EQ

=RE

as desired. So R 1s R and thus POQR is a rectange.
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