
ñhvsj ufznvufsj y��ñxnj�xj ij yzfznyznw�j
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fgniofu

f�xns WUUW

hvuhv�xy iLñsî�j nulñunj�x ijy zxf�f�� yzfznyznw�jy

�vnj g v¨�0©ª t{�¤�«{�0�)¡�

hvxxnlñ ij sf ij��nîtj ñ�xj��j ij tfzmñtfznw�jy

j�jxhnhj u0V

VS M{N s¡� ({§¡)�� ¨�©¨�¡� M��¡§§¡�N �©ª� RVQ V ¡� WS

M|N E−1 = Vect {t(−1, 1, 0)}Q E1 = Vect {t(1, 1, 0)} ¡� E2 = Vect {t(0, 0, 1)}

M}N A { X ({§¡)�� ¨�©¨�¡� ~0��0ª}�¡� ¡§§¡ ¡�� ~©ª} ~0{£©ª{§0�{|§¡S j§§¡ ¡�� �£{§¡«¡ª�
0ª(¡��0|§¡ }{� U ªL¡�� ¨{� ({§¡)� ¨�©¨�¡S

WS M{N vª }©ªª{0� )ª¡ |{�¡ ~¡ (¡}�¡)� ¨�©¨�¡S �ª «{��0}¡ ~¡ ¨{��{£¡ ¨©��0|§¡ ¡�� _

P =




−1 1 0
1 1 0
0 0 1


 .

M|N

P−1 =
1

2




−1 1 0
1 1 0
0 0 2


 .

XS M{N n§ ¡�� }§{0� �)¡ (P−1AP )n = P−1AnP S h©««¡ P−1AP ¡�� ~0{£©ª{§¡Q }¡§{
¨�©)(¡ �)¡ An ¡�� ~0{£©ª{§0�{|§¡ ~{ª� §{ «�«¡ |{�¡ �)¡ AS

M|N vª ¡ª ~�~)0� {§©�� _

An = P (P−1AP )nP−1 = P




(−1)n 0 0
0 1 0
0 0 2n


 P−1

=
1

2




(−1)n + 1 (−1)n+1 + 1 0
(−1)n+1 + 1 (−1)n + 1 0

0 0 2n+1


 .



M}N n§ ¡�� ¢{}0§¡ ~¡ (©0� �)¡ P−1A−1P ¡�� �£{§¡«¡ª� ~0{£©ª{§¡S jª ¢{0�Q §{ ¢©�«¡
¨��}�~¡ª�¡ ¡�� ({§{|§¡ ¨©)� �©)� n ~{ª� ZS vª { ~©ª} _

A−1 =




0 1 0
1 0 0

0 0
1

2


 .

j�jxhnhj u0W

f ¡�� )ª ¡ª~©«©�¨¤0�«¡ ~¡ E ~¡ ~0«¡ª�0©ª n �¡§ �)L0§ ¡¬0��¡ )ª ¡ª�0¡� p ≥ 2 (��0<{ª�
fp = 0 ¡� fp−1 �= 0.

VS h©««¡ fp−1 �= 0Q 0§ ¡¬0��¡ x �¡§ �)¡ fp−1(x) �= 0S y©0� {§©�� p ��¡§� λ0, · · ·λp−1

(��0<{ª� _

p−1∑

i=0

λif
i(x) = 0. MVN

sL0«{£¡ ¨{� fp−1 ~¡ }¡��¡ ¡¬¨�¡��0©ª ¡�� �£{§¡«¡ª� ª)§§¡S v� _

fp−1

(
p−1∑

i=0

λif
i(x)

)
= λ0f

p−1(x),

}{� fk = 0 ~�� �)¡ k ≥ pS h©««¡Q ¨{� ¤¨©�¤��¡Q fp−1(x) �= 0Q ©ª { ~©ª} λ0 = 0S
vª �¡}©««¡ª}¡ {§©�� ¡ª ¨�¡ª{ª� §L0«{£¡ ¨{� fp−2 ~¡ §L¡¬¨�¡��0©ª MVN ¡� ©ª ©|�0¡ª�
~¡ «�«¡ λ1 = 0S i¡ ¨�©}¤¡ ¡ª ¨�©}¤¡Q ©ª ¨�©)(¡ {§©�� �)¡ _

λ0 = · · · = λp−1 = 0,

}¡ �)0 ¨¡�«¡� ~L{C�«¡� �)¡ §{ ¢{«0§§¡ {x, f(x), · · · , fp−1(x)} ¡�� §0|�¡S

x�}0¨�©�)¡«¡ª�Q �0 §{ ¢{«0§§¡ {x, f(x), · · · , fp−1(x)} ¡�� §0|�¡Q �©)� §¡� �§�«¡ª�� �)0
§{ }©«¨©�¡ª� �©ª� ª©ª ª)§� ¡� ¡ª ¨{��0})§0¡� fp−1(x) �= 0S

WS E ��{ª� ~¡ ~0«¡ª�0©ª nQ )ª¡ ¢{«0§§¡ §0|�¡ ~¡ E ª¡ ¨¡)� ¨{� }©«¨©��¡� ¨§)� ~¡ n
�§�«¡ª�� }¡ �)0 «©ª��¡ �)¡ p ≤ nS

XS y©0� x ∈ KerfkS fk+1(x) = f
(
fk(x)

)
= f(0) = 0Q ~©ª} x ∈ Kerfk+1S jª

¨{��0})§0¡� ©ª { |0¡ª {0} ⊂ Kerf ⊂ Kerfp−1 ⊂ Kerfp = E.



YS t©ª��©ª� �)¡ �©)�¡� }¡� 0ª}§)�0©ª� �©ª� ���0}�¡�S

y©0� x �¡§ �)¡ fp−1(x) �= 0 ¡� �©0� 1 ≤ k ≤ pS �©�©ª� y = fp−k(x) M{(¡} ¨{�
}©ª(¡ª�0©ª f 0 = IdNS vª { {§©�� fk(y) = fp(x) = 0 ¡� fk−1(y) = fp−1(x) �= 0S i©ª}
y ∈ Kerfk ¡� y /∈ Kerfk−1Q }¡ �)0 ¨�©)(¡ �)¡ §L0ª}§)�0©ª ~¡ Kerfk−1 ~{ª� Kerfk

¡�� ���0}�¡ S

�xvgsîtj

�{��0¡ n

VS n§ ¡�� }§{0� �)¡ §{ ��{}¡ ¡�� §0ª�{0�¡S

WS s¡� �§�«¡ª�� ~0{£©ª{)¬ ��{ª� 0ª({�0{ª�� ¨{� §L©¨��{�0©ª ~¡ ��{ª�¨©�0�0©ªQ ©ª { |0¡ª
tr(A) = tr(tA)S

XS M{N s¡ �¡�«¡ £�ª��0�)¡ ~¡ AB ¡�� cij =
n∑

k=1

aikbkj ~©ª} _

tr(AB) =
n∑

i=1

n∑

k=1

aikbki.

i¡ «�«¡Q �¡�«¡ £�ª��0�)¡ ~¡ BA ¡�� dij =
n∑

k=1

bikakj ~L©� _

tr(BA) =
n∑

i=1

n∑

k=1

bikaki.

jª ¨¡�«)�{ª� §¡� �©««¡� �)� i ¡� �)� k ©ª ©|�0¡ª� §¡ ���)§�{�S

M|N y0 A ¡� B �©ª� �¡«|§{|§¡�Q 0§ ¡¬0��¡ )ª¡ «{��0}¡ P 0ª(¡��0|§¡ �¡§§¡ �)¡ B =
P−1AP S vª ¨¡)� {§©�� �}�0�¡ ~L{¨�	� §¡ XSM{N _

trB = tr(P−1AP ) = tr(PP−1A) = trA.

YS n§ ¡�� }§{0� �)¡ tr (A tA − tAA) = 0 ¡� trI = nS n ��{ª� ª©ª ª)§Q §¡ ���)§�{� ¡��
{}�)0�S

�{��0¡ nn



VS s{ ��{}¡ ��{ª� )ª¡ {¨¨§0}{�0©ª §0ª�{0�¡Q ©ª { |0¡ª §¡ ���)§�{�S

WS M{N f ¡�� §0ª�{0�¡ ¨©)� §¡� «�«¡� �{0�©ª� �)¡ ¨��}�~¡««¡ª�S

M|N y©0� A = (aij)1≤i,j≤n �¡§§¡ �)¡ f(A) = 0S h¡§{ �0£ª0<¡ ~©ª} �)¡ ¨©)� �©)� X
~¡ Mn(R)Q tr(AX) = 0. y©0� §{ «{��0}¡ Elm ~©ª� �©)� §¡� �§�«¡ª�� �©ª� ª)§�
�{)¢ }¡§)0 {) }�©0�¡«¡ª� ~¡ §{ lR0�«¡ §0£ª¡ ¡� ~¡ §{ mR0�«¡ }©§©ªª¡ �)0 ({)� VS
s¡� �¡�«¡ ~0{£©ª{)¬ ~¡ AElm �©ª� _

cii =
n∑

k=1

aikeki = aileli,

h{� eki ¡�� ª)§ �0 k ¡�� ~0;��¡ª� ~¡ lS t{0� eli ¡�� ª)§ �0 i ¡�� ~0;��¡ª� ~¡ mQ
~©ª} §¡ �¡)§ �¡�«¡ ~0{£©ª{§ �(¡ª�)¡§§¡«¡ª� ª©ª ª)§ ¡�� cmm �)0 ({)� {§©�� amlS
h©««¡ tr(AElm) = 0Q ©ª { ¡ª ¢{0� aml = 0S jª ¢{0�{ª� ({�0¡� l ¡� m ¡ª��¡ V
¡� nQ ©ª ��©)(¡ ~©ª} �)¡ �©)� §¡� �§�«¡ª�� ~¡ A �©ª� ª)§�S vª { <ª{§¡«¡ª�
¨�©)(� �)¡ _

(f(A) = 0) ⇒ (A = 0) ,

}¡ �)0 ¡�� ¡¬{}�¡«¡ª� §L0ª¥¡}�0(0�� ~¡ f S

M}N dim Mn(R) = dim Mn(R)∗ = n2S

M~N f ¡�� )ª¡ {¨¨§0}{�0©ª §0ª�{0�¡ 0ª¥¡}�0(¡ ~¡ Mn(R) ~{ª� Mn(R)∗Q �)0 �©ª� ~¡
«�«¡ ~0«¡ª�0©ªQ ~©ª} f ¡�� |0¥¡}�0(¡S

XS M{N y©0� e1, · · · , en2−1 )ª¡ |{�¡ ~¡ ES iL{¨��� §¡ �¤�©��«¡ ~¡ §{ |{�¡ 0ª}©«¨§��¡Q
0§ ¡¬0��¡ u ~{ª� Mn(R) �¡§ �)¡ (e1, · · · , en2−1, u) ¢©�«¡ª� )ª¡ |{�¡ ~¡ Mn(R)S
s{ ¢©�«¡ §0ª�{0�¡ ϕ0 ~�<ª0¡ ¨{� ϕ0(u) = 1 ¡� ϕ0(e1) = · · · = ϕ0(en2−1) = 0
��¨©ª~ {§©�� � §{ �)¡��0©ªS

M|N sL{¨¨§0}{�0©ª f ¡�� |0¥¡}�0(¡Q ~©ª} ¨©)� �©)� ϕ ~¡ Mn(R)∗Q 0§ ¡¬0��¡ A ~{ª�
Mn(R) �¡§§¡ �)¡ _

ϕ = f(A).

i©ª}Q 0§ ¡¬0��¡ A0 ~{ª� Mn(R) �¡§§¡ �)¡ ϕ0 ¡�� §L{¨¨§0}{�0©ª M �→ tr(A0M)S
vª {§©�� |0¡ª _

E = Ker ϕ0 = {M ∈ Mn(R) | tr(A0M) = 0}.




