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at
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ra
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at
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at
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at
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ra
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ra
m
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at
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pr
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=
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ra
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at
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=
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+

l
tr

e
.
Id

L
es

pa
ra
m
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re
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=
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+
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−
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=

E

2(
1
+
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ra
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pr
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at
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=
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−
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−
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at
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=
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−
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−
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d
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at
iq
ue

s
pe

rm
et
ta
nt

de
ré
du

ir
e
la

ta
il
le

du
pr
ob

lè
m
e
à
ét
ud

ie
r.
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m
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ra
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pr
ox

im
és

en
fo
nc

ti
on

de
qu

an
ti
té
s

ex
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d
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p
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b
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at
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at
io
ns

so
nt

su
pp

os
és

pe
ti
ts
.L

a
po

ut
re
,

de
pa

rt
se
s
éq

ua
ti
on

s
d’
éq

ui
li
br
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ra
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at
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at
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e
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ro
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=
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∧
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s
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e
ob

te
nu

pa
r
:

u
x
(x

,
y
,z

)
=
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+
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−
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=
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=
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+
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∂
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∂
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∂
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at
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=
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=
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=
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u
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at
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ui
va

le
nt

s’
ap

pl
iq
ua

nt
à
ce
tt
e
se
ct
io
n
dr
oi
te
.P

ou
r
un

e
se
ct
io
n
dr
oi
te

qu
el
co

nq
ue

,l
e
te
ns
eu

r
de

s
co

nt
ra
in
te
s
en

un
po

in
t
P
pr
en

dr
a

1.
1

Pr
in
ci
p
es

d
e
b
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at
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e
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:

s
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x
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s
x
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s
x
z

s
y
x
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s
z
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0
0

 

L
e
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eu

r
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s
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ra
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te
s
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ra
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es
,
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r
ap
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ic
at
io
n
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m
en

ta
l
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la
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at
iq
ue

es
t
dé

fi
ni

pa
r
un

e
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m
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sa
nt
e
en

ef
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e
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m
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e
en

m
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ts
−→ M

.

−→ R
=
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V
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+
V
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=

M
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M
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M
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N
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t
l’
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V
z
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t
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s
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s
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n
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s
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M
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pr
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n
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en

t
pa

r
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at
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ra
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=

∫
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d
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∫
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x
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∫
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∫
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=

∫
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=

∫
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d
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−
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+
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+
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+
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+
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R
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R
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ra
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=
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=
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=
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=

0
et

M
x

=
0

–
fl
ex

io
n
si
m
pl
e
:
M

y
6=
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0
et

V
y
6=
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ra
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at
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at
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at
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−

∫
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p
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n
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p
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x
v
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q
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p
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O
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o
b
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en

t
al
o
rs

:

W
F

e
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F
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=
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W
F
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:
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s
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p
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h
is
to
ir
e
d
u
ch

ar
g
em

en
t.

W
F

e
x
t
=

n
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∫
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at
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=

∫
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+
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se
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e
en

ci
sa
il
le
m
en

t.

L
’é
g
al
it
é
d
e
C
la
p
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it
ia
l
et

d
e
l’
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q
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p
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g
em

en
t
S
2
es
t
ég

al
au

tr
av

ai
l
d
u
sy
st
èm

e
d
e
ch

ar
g
em

en
t
S
2
d
an

s
le

ch
am

p
d
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ca
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ro
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p
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ro
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p
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p
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p
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p
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u
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ca
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éb

ri
q
u
em

en
t
su
r
la

li
g
n
e
d
’a
ct
io
n
d
e
ce
lu
i-
ci
.

P
o
u
r
u
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ro
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g
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u
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ra
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∂
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∂
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)
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È
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p
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p
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p
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p
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at
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p
ar
ti
el
le
s
d
u
p
o
te
n
ti
el

p
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∂
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)
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Ü
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t
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ro
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n
)
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u
n
p
o
in
t
P

d
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n
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u
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)
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at
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u
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n
p
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P
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ro
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b
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ra
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=
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s
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)
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d
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p
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p
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p
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p
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b
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∫
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➤
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ra
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p
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ra
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u
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x
)

x

M
j(
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 c
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O
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b
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I

∫
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M
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x
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=

A
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)
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ra
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ra
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u
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6
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L
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b
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M
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L
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M
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e
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p
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p
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p
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p
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’u
n
ef
fe
t
(n
o
té

E
)
d
o
n
n
é,

en
g
en

d
ré

p
ar

u
n
e
ca
u
se

d
e
v
al
eu

r

u
n
it
é
se

d
ép

la
ça
n
t
su
r
la

p
o
u
tr
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b
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u
el
le
s,

–
co

u
p
le

p
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d
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at
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d
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ra
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p
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p
u
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u
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u
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m
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lâ
ch

és
pa

r
l’
op

ér
at
io
n
de

s
co

up
ur
es
.

O
n
le
s
ap

pe
ll
e
in
co

nn
ue

s
hy

pe
rs
ta
ti
qu

es
.

L
e
pr
in
ci
pe

de
m
in
im

is
at
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pr
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m
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∀
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∂
x

i

∣ ∣ ∣
x

i
=

X
i

=
0

(5
.6
)

ce
qu

id
on

ne
:

∀
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:
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=
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=

∫

(S
)

M
i
M

j

E
I

d
x

(5
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at
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rè
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➤
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p
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p
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=

∫
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ri
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ac
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rè
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=

∫
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e
(S

I
)
qu

el
co

nq
ue

.

(5
.1
1)

R
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m
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ra
lit
é
s

7
3

co
m
pt
e
ég

al
em

en
t
l’
én

er
gi
e
de

tr
ac
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-c
om

pr
es
si
on

(e
t
év

en
tu
el
le
-

m
en

t
ce
ll
e
as
so
ci
ée

au
ci
sa
il
le
m
en

t)
.
O
n
ob

ti
en

t
de

fa
ço

n
gé

né
ra
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=

∫
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ra
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ca
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at
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r
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d
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b
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p
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b
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d
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ra
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g
ée

d
an

s
so

n
p
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at
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at
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p
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p
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d
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p
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ri
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d
e
la

st
ru
ct
u
re

su
r
ce
tt
e
p
o
u
tr
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{
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ra
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p
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b
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d
it
io
n
s
au

x
li
m
it
es

»
:
st
at
iq
u
es

(e
ff
o
rt
s
im

p
o
sé
s)

o
u
ci
n
ém

at
iq
u
es

(d
ép

la
ce
m
en

ts
im

p
o
sé
s)
.

–
O
n
p
eu

t
ra
jo
u
te
r
à
v
o
lo
n
té

d
es

n
œ
u
d
s
d
an

s
la

st
ru
ct
u
re

ca
r
p
o
u
r

ch
aq

u
e

n
œ
u
d

o
n

éc
ri
ra

al
o
rs

3
éq

u
at
io
n
s
su

p
p
lé
m
en

ta
ir
es
.
L
a

d
éc
o
m
p
o
si
ti
o
n

en
n
œ
u
d
s
et

b
ar
re
s
es
t
d
o
n
c
«
ar
b
it
ra
ir
e
»
.
C
ec
i

s’
ap

p
el
le

la
«
d
is
cr
ét
is
at
io
n
»
d
e
la

st
ru
ct
u
re
.

–
S
i
la

d
is
cr
ét
is
at
io
n

es
t
ar
b
it
ra
ir
e,

p
eu

t-
o
n

ch
o
is
ir

u
n

n
o
m
b
re

d
e

n
œ
u
d
s
tr
ès

fa
ib
le

?
(v
o
ir
fi
g
u
re

5
.1
7
)

F

1

2

3

E
st

-c
e 

p
o
ss

ib
le

 ?

F
ig

u
re

5
.1

7
D
is
cr
ét
is
at
io
n
m
in
im

al
e
?
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at
ri
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d
e
ri
g
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it
é
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ém

en
ta
ir
e
p
o
u
r
la

p
o
u
tr
e
d
e
la

fi
g
u
re

5
.1
8
:

M
1
2

N
1
2

V
1
2

M
2
1

N
2
1

V
2
1

F
ig

u
re

5
.1

8
P
o
u
tr
e
d
o
n
t
il
fa
u
t
co

n
n
a
ît
re

la
m
a
tr
ic
e
d
e
ri
g
id
it
é

D
an

s
la

p
ra
ti
q
u
e,

o
n
n
e
ca
lc
u
le

p
as

K
p
o
u
r
to
u
te
s
le
s
g
éo

m
ét
ri
es

p
o
s-

si
b
le
s.

O
n
u
ti
li
se

le
s
m
at
ri
ce
s
d
e
ri
g
id
it
é
d
’u
n
e
p
o
u
tr
e
d
ro
it
e
ce

q
u
i

im
p
o
se

u
n
e
d
is
cr
ét
is
at
io
n
m
in
im
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e
av

ec
5
n
œ
u
d
s
(v
o
ir
fi
g
u
re

5
.1
9
).

1

2

3

4
5

F
ig

u
re

5
.1

9
D
is
cr
é
ti
sa
ti
o
n
m
in
im

a
le

a
ve
c
5
n
œ
u
d
s

c)
M
é
th
o
d
o
lo
g
ie
–
A
p
p
li
ca
ti
o
n

1
.
C
h
o
ix

d
’u
n
e
d
is
cr
ét
is
at
io
n
–
B
il
an

d
u
n
o
m
b
re

d
e
d
ép

la
ce
m
en

ts
in
tr
o
-

d
u
it
s
(l
es

d
d
l)
.

2
.
P
o
u
r
ch

aq
u
e
b
ar
re
,
o
n
éc
ri
t
la

m
at
ri
ce

d
e
ri
g
id
it
é
et

le
s
éq

u
at
io
n
s
:

−→ F
=

K
−→ u

+
−→ F

0
d
an

s
le

re
p
èr
e
lo
ca
l
d
e
la

b
ar
re
.

3
.
P
o
u
r
ch

aq
u
e
n
œ
u
d
,
o
n
éc
ri
t
d
an

s
le

re
p
èr
e
g
lo
b
al

à
la

st
ru
ct
u
re

le
s

éq
u
at
io
n
s
d
’é
q
u
il
ib
re
s.

5.
2

P
o
u
tr
e
d
ro
it
e
à
u
n
e
tr
a
vé
e

8
5

4
.
P
as
sa
g
e
d
es

re
la
ti
o
n
s
p
o
u
r
ch

aq
u
e
b
ar
re

d
an

s
le

re
p
èr
e
g
lo
b
al

et
o
n

fo
rm

e
le

sy
st
èm

e
d
’é
q
u
at
io
n
s
al
g
éb

ri
q
u
es

:
K
−→ u

=

−→ F
.
Id
en

ti
fi
ca
ti
o
n

d
es

q
u
an

ti
té
s
co

n
n
u
es

et
in
co

n
n
u
es

p
u
is

ré
so
lu
ti
o
n
.

5
.2

P
O
U
T
R
E
D
R
O
IT
E
À
U
N
E
T
R
A
V
É
E

D
an

s
ce
tt
e
p
ar
ti
e,

n
o
u
s
co

n
si
d
ér
er
o
n
s
q
u
e
:

–
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p
o
u
tr
e
es
t
ch

ar
g
ée

d
an

s
so
n
p
la
n
;

–
la

d
éf
o
rm

at
io
n

d
e
la

p
o
u
tr
e
es
t
al
o
rs

ég
al
em

en
t
d
an

s
le

p
la
n

d
e
la

p
o
u
tr
e
;

–
la

se
ct
io
n
et

l’
in
er
ti
e
d
e
la

p
o
u
tr
e
so
n
t
co

n
st
an

te
s
(E

I
co

n
st
an

t)
.

5
.2
.1

E
n
ca
st
re
m
e
n
t
é
la
st
iq
u
e
a
u
x
e
x
tr
é
m
it
é
s

S
o
it
la

p
o
u
tr
e
d
e
la

fi
g
u
re

5
.2
0
,
le
s
ap

p
u
is

A
et

B
so

n
t
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p
p
o
sé
s
fi
x
es

ta
n
d
is

q
u
e
la
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av

ée
A

B
es
t
en

ca
st
ré
e
él
as
ti
q
u
em

en
t
su
r
se
s
ap

p
u
is
.
L
es

ra
id
eu

rs

d
es

ap
p
u
is

so
n
t
re
p
ré
se
n
té
es

p
ar

u
n
e
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n
st
an

te
p
o
si
ti
v
e
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ce

q
u
i
si
g
n
ifi
e
q
u
e

le
s
ro
ta
ti
o
n
s
so
n
t
re
li
ée
s
au

x
m
o
m
en

ts
p
ar

u
A

=
k

A
M

A
et

u
B

=
k

B
M

B
.
S
i

l’
ap

p
u
i
es
t
u
n
en

ca
st
re
m
en

t
p
ar
fa
it
al
o
rs

k
=

∞
ta
n
d
is

q
u
e
p
o
u
r
u
n
ap

p
u
i

si
m
p
le

k
=

0
.

B
A

k
A

k
B
X

Y

F
ig

u
re

5
.2

0
P
o
u
tr
e
à
u
n
e
tr
a
vé
e
a
ve
c
d
e
s
e
n
ca
st
re
m
e
n
ts

é
la
st
iq
u
e
s
à
ce
s

e
xt
ré
m
it
é
s

S
o
ie
n
t
le

m
o
m
en

t
fl
éc
h
is
sa
n
t

M
0
et

l’
ef
fo
rt
tr
an

ch
an

t
V
0
q
u
e
p
ro
d
u
ir
ai
en

t

d
an

s
la

se
ct
io
n
d
’a
b
sc
is
se

x
le
s
ch

ar
g
es

ap
p
li
q
u
ée
s
si

la
p
o
u
tr
e
ét
ai
t
is
o
st
a-

ti
q
u
e.

L
e
m
o
m
en

t
fl
éc
h
is
sa
n
t

M
(x

)
et

l’
ef
fo
rt
tr
an

ch
an

t
V
(x

)
p
eu

v
en

t
al
o
rs
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êt
re

o
b
te
n
u
s
à
l’
ai
d
e
d
es

m
o
m
en

ts
su
r
ap

p
u
is

p
ar

:

M
(x

)
=

M
0
(x

)
+

M
A

l
−

x

l
+

M
B

x l

V
(x

)
=

V
0
(x

)
+

M
B
−

M
A

l

(5
.1
4
)

O
n
p
eu

t
ca
lc
u
le
r
le
s
m
o
m
en

ts
M

A
et

M
B
à
p
ar
ti
r
d
es

ro
ta
ti
o
n
s

u
A
et

u
B
,

ro
ta
ti
o
n
s
q
u
e
su

b
ir
ai
en

t
le
s
ap

p
u
is

A
et

B
si

la
p
o
u
tr
e
ét
ai
t
is
o
st
at
iq
u
e,

à

p
ar
ti
r
d
es

re
la
ti
o
n
s
su
iv
an

te
s
:

(a
+

k
A
)M

A
+

b
M

B
=

u
A

,
b

M
A
+
(g

+
k

B
)M

B
=

−
u

B
(5
.1
5
)

av
ec

:

a
=

1 l2

∫
l

0

(l
−

x
)2

E
I

d
x

b
=

1 l2

∫
l

0

x
(l
−

x
)

E
I

d
x

g
=

1 l2

∫
l

0

x
2

E
I

d
x

(5
.1
6
)

C
e
q
u
i
d
o
n
n
e
:

M
A

=

b
u

B
+
(g

+
k

B
)u

A

(a
+

k
A
)(

g
+

k
B
)
−

b
2

M
B

=

b
u

A
+
(a

+
k

A
)u

B

(a
+

k
A
)(

g
+

k
B
)
−

b
2

(5
.1
7
)

S
i
la

p
o
u
tr
e
es
t
d
e
se
ct
io
n
u
n
if
o
rm

e,
n
o
u
s
av

o
n
s
le
s
re
la
ti
o
n
s
su

iv
an

te
s
:

a
=

g
=

l

3
E

I
,

b
=

l

6
E

I
(5
.1
8
)

5.
2

P
o
u
tr
e
d
ro
it
e
à
u
n
e
tr
a
vé
e

8
7

5
.2
.2

Fo
rm

u
la
ir
e
d
’u
n
e
p
o
u
tr
e
si
m
p
le
m
e
n
t
a
p
p
u
y
é
e

d
’u
n
cô
té

e
t
e
n
ca
st
ré
e
d
e
l’
a
u
tr
e

GéométrieetChargementRéactiond’appuiMomentsFlècheRotation

l

abB C A

X

x

Y

V(x)

P

x

M(x)

RxA=

Pb2

2l3(3l−b)

RxB=

Pa

2l3(3l
2
−a

2
)

MB=−
Pab

2l2(2a+b)

MC
=

Pab2

2l3(3l−b)
fC

=−
Pa

96EI
(3l

2
−5a

2
)uA=−

Pab2

4EIl

l/2l/2B C A

x

V(x)

P

x

M(x)

~y
~x

ℓRxA=

5P

16

RxB=

11P

16

Mmax=MB=−
3Pl

16

MC
=

5Pl

32

fC
=

7Pl3

768EI
uA=−

Pl2

32EI
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Géométrie et Chargement Réaction d’appui Moments Flèche Rotation

a BC DA

x

V(x)

PP

a

x

M(x)

~y
~x

ℓ

RxA =

P

2l2
(2l2 − 3al

+3a2)

RxB =

P

2l2
(2l2 + 3al

−3a2)

MB = −
3Pa

2
(l − a)

fC =

Pa2

12EIl2
(3l3 − 5al

+3a2l − 3a3)
uA = −

Pa

4
( − )

BA

x

V(x)

a

x

M(x)

q~y
~x

ℓ RxA =

3ql

8

RxB =

5ql

8

MB = −
ql2

8
fmax = f0,422l = 0, 00542

ql4

EI
uA = −

5 3

384EI

5.2
P
o
u
tre

d
ro
ite

à
u
n
e
tra

vé
e

8
9

Géométrie et Chargement Réaction d’appui Moments Flèche Rotation

BA

x

V(x)

x

M(x)

q

l/2 l/2

~y
~x

ℓ
RxA =

11ql

64

RxB =

21ql

64

MB =

−5ql2

64
Mmax = Mx=0,415l

= 0, 0475ql2

fmax = fx=0,43l

= 0, 00357
ql4

EI

uA = −
5 3

384EI

BA

x

V(x)

x

M(x)

q~y
~x

ℓ
RxA =

ql

10

RxB =

2ql

5

MB =

−ql2

15
Mmax = Mx=0,447l

= 0, 0298ql2

fmax = fx=0,447l

= 0, 00239
ql4

EI

uA = −
ql3

120EI
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BA

C

x

V(x)

x

M(x)

~y
~x

ℓ
RxA =

−3C

2l

RxB =

3C

2l

MB =

−C

2

Mmax = MA = C

fmax = fx=l/3

=

Cl2

27EI

uA = −
Cl

4EI

BA

C

x

V(x)

x

M(x)

bCa

~y
~x

ℓ

RxA =

3C

2l3

(

L2 − a2
)

RxB = −RxA

MB =

C

2

(

1 − 3
a2

l2

)

uA = −
C

4EIl

(

l2 − 4al a2
)

5.2
P
o
u
tre

d
ro
ite

à
u
n
e
tra

vé
e

9
1

5
.2
.3

Fo
rm

u
la
ire

d
’u
n
e
p
o
u
tre

b
i-e

n
ca
stré

e

Géométrie et Chargement Réaction d’appui Moments Flèche Rotation

l/2 l/2 BCA

xvec

x

V(x)

P

x

M(x)

~y

ℓ

RxA = RxB =

P

2

MA = MB = −
Pl

8

Mmax = Mx=l/2 =

Pl

8

fmax = fC

=

Pl3

192EI

umax = ux=l/4

= −
Pl2

64EI

a b BCA

x

V(x)

P

x

M(x)

~y
~x

ℓ
RxA =

Pb2

l3
(3a + b)

RxB =

Pa2

l3
(a + 3b)

MA =

Pab2

l2

MB =

Pa2b

l2

Mmax = MC =

2Pa2b2

l3
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Géométrie et Chargement Réaction d’appui Moments Flèche

aaaaa
BA

x

V(x)

(n-1)P

x

M(x)

~y
~x

ℓ

RxA = RxB =

(n − 1)P

2

MA = MB = −
n2 − 1

12n
Pl

si n impair Mmax =

n2 − 1

24n
Pl

si n pair Mmax =

n2 + 2

24n
Pl

si n impair fmax =

(n4 − Pl3

384n3EI

si n pair fmax =

nPl3

384EI

aba
BA

x

V(x)

x

M(x)

q~y
~x

ℓ

RxA = RxB =

qb

2

MA = MB = −
qbl

24

(

3 −
b2

l2

)

Mmax =

qb

24l

(

3l2 − 3bl + b2
)

fmax =

qb

384EI

(

2l3 − 2b2l b3
)

5.2
P
o
u
tre

d
ro
ite

à
u
n
e
tra

vé
e

9
3

Géométrie et Chargement Réaction d’appui Moments Flèche

BA

x

V(x)

x

M(x)

q2

q1~y

~x

ℓ RxA =

(7q1 + 3q2)l

20

RxB =

(3q1 + 7q2)l

20

MA = −
(3q1 + 2q2)l2

60

MB = −
(2q1 + 3q2)l2

60

fx =

x2

120EIl

[

(3q1 + 2q2) 3

− (7q1 + 3q2l2x + 5q1lx2

− (q1 − q2)x3
]

 Dunod – La photocopie non autorisée est un délit



9
4

5
•
S
ystè

m
e
s
h
yp
e
rsta

tiq
u
e
s

5
.2
.4

Fo
rm

u
la
ire

d
’u
n
e
p
o
u
tre

co
n
so
le

Géométrie et Chargement Réaction d’appui Moments Flèche Rotation

a B

A

x

V(x)

P

x

M(x)

~y

~x

ℓ
RxA =

P(2l + 3a)

2l

RxB =

−3Pa

2l

MA = −Pa

MB =

Pa

2

fC =

Pa2

12EI
(3l + 4a)

fmax = fx=a+l/3

=

Pal2

27EI

uC =

Pa

4EI
(l + 2a)

uA =

Pal

4EI

a B
A

x

V(x)

x

M(x)

q
~y

~x

ℓ RxA =

q

8l
(3l2

+ 8al + 6a2)

RxB =

q

8l
(5l2 − 6a2)

MA = −
qa2

2

MB = −
q

8
(l2 − 2a2)

fC =

qa

48EI
(−l3

+ 6a2l + 6a3)

uC = −
q

48EI
(l3

− 6a2l − 8a3)

uA = −
ql

48EI

(l2 − 6a2)

5.2
P
o
u
tre

d
ro
ite

à
u
n
e
tra

vé
e

9
5

Géométrie et Chargement Réaction d’appui Moments Flèche Rotation

a B

A

x

V(x)

x

M(x)

q~y

~x

ℓ RxA =

qa

4l
(4l + 3a)

RxB = −
−3qa2

4l

MA = −
qa2

2

MB =

qa2

4

fC =

qa3

8EI
(l + a)

uC =

qa2

24EI
(3l 4 )

uA =

qa2l

8EI
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5
.3

P
O
U
T
R
E
C
O
N
T
IN
U
E

5
.3
.1

N
o
ta
ti
o
n
s
e
t
d
é
fi
n
it
io
n
s

U
n
e
p
o
u
tr
e
co

n
ti
n
u
e
(v
o
ir

F
ig
u
re

5
.2
1
)
es
t
u
n
e
p
o
u
tr
e
re
p
o
sa
n
t
su

r
p
lu
s
d
e

d
eu

x
ap

p
u
is

si
m
p
le
s.

P
o
u
r
u
n
e
p
o
u
tr
e
d
e

n
tr
av

ée
s,

o
n
n
u
m
ér
o
te

le
s
ap

p
u
is

d
e
0
à

n
.
L
a
tr
av

ée
i
d
e
p
o
rt
ée

l i
es
t
la

tr
av

ée
co

m
p
ri
se

en
tr
e
le
s
ap

p
u
is

A
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so
lu
ti
o
n
d
’u
n
p
ro
b
lè
m
e

d
e
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si
st
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d
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m
at
ér
ia
u
x

cl
as
si
q
u
e,

u
n
e
p
o
u
tr
e
en

ca
st
ré
e
so
ll
ic
it
ée

en

fl
ex

io
n
.

~ x

~ y

F

ℓ
b

h

S
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ti
o
n

L
e
m
at
ér
ia
u
es
t
u
n
ac
ie
r
d
e
m
o
d
u
le

d
’é
la
st
ic
it
é

E
=

2
0
0
G

P
a.

L
a
se
ct
io
n

d
e
la

p
o
u
tr
e
es
t
re
ct
an

g
u
la
ir
e,

d
e
la
rg
eu

r
b

=
2
cm
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d
e
h
au

te
u
r

h
=

4
cm

.

S
a
lo
n
g
u
eu

r
es
t
ℓ

=
1
m
.
L
e
ch

ar
g
em

en
t
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t
u
n
ef
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p
o
n
ct
u
el

F
=

1
k
N
,
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p
li
q
u
é
à
l’
ex

tr
ém
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é
d
ro
it
e
d
e
la

p
o
u
tr
e.
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b
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m
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e
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n
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m
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s
u
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n
s
u
n
e
d
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at
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n
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en
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fi
n
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d
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p
e
p
o
u
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e
d
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u
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r-
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n
o
u
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i.
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o
u
s
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m
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n
s
la

d
éf
o
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d
e
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n
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e
d
e
la
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ti
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u
i
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ri
t
:

v
(x

)
=

F E
I

(

ℓx
2

2
−

x
3 6

)

7
.4
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o
n
st
ru
ct
io
n
d
e
la

m
a
tr
ic
e
d
e
ra
id
e
u
r
lo
ca
le

L
’é
lé
m
en

t
u
ti
li
sé

p
o
u
r
la
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so
lu
ti
o
n
d
u
p
ro
b
lè
m
e
es
t
u
n
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ém

en
t
p
o
u
tr
e
à
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eu

x
n
œ
u
d
s,
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m
p
o
rt
an
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eu

x
d
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ré
s
d
e
li
b
er
té

p
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n
œ
u
d
,
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n
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la
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m
en

t
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ti
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l
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n
e
ro
ta
ti
o
n
.

7.
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A
p
p
lic
at
io
n
à
l’é

tu
d
e
d
’u
n
e
p
o
u
tr
e
so
lli
ci
té
e
en

fl
ex
io
n

1
5
9

a
)
Fo
n
ct
io
n
s
d
e
fo
rm

e

P
o
u
r
u
n
p
ro
b
lè
m
e
d
e
p
o
u
tr
e
en

fl
ex

io
n
,
d
o
n
t
la

d
éf
o
rm

ée
es
t
u
n
p
o
ly
n
ô
m
e

d
e
d
eg

ré
tr
o
is
,
o
n
p
ro
p
o
se

la
fo
n
ct
io
n
d
’i
n
te
rp
o
la
ti
o
n
su

iv
an

te
:

v
(x

)
=

a
0
+

a
1
x
+

a
2
x
2
+

a
3
x
3

L
es

co
n
st
an

te
s

a
0
,a

1
,a

2
et

a
3
so
n
t
o
b
te
n
u
es

en
fo
n
ct
io
n
d
e
la

v
al
eu

r
d
es

d
eg

ré
s
d
e
li
b
er
té

au
x
n
œ
u
d
s
1
et

2
,
so

ie
n
t
v
1
,u

1
et

v
2
,u

2
:

v
(0
)
=

v
1

v
′
(0
)
=

u
1

v
(ℓ
)
=

v
2

v
′
(ℓ
)
=

u
2

C
es

q
u
at
re

co
n
d
it
io
n
s
p
er
m
et
te
n
t
d
’é
cr
ir
e
le

sy
st
èm

e
d
e
q
u
at
re

éq
u
at
io
n
s
à

q
u
at
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co

n
n
u
es
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p
er
m
et
ta
n
t
d
e
ca
lc
u
le
r
le
s
co

n
st
an

te
s

a
0
,a

1
,a

2
et

a
3
:

      

a
0

=
v
1

a
1

=
u
1

a
0
+

a
1
ℓ
+

a
2
ℓ2

+
a
3
ℓ3

=
v
2

a
1
+
2
a
2
ℓ
+
3
a
3
ℓ2

=
u
2

so
it
:

a
0

=
v
1

a
1

=
u
1

a
2

=
3
v
2
−

v
1

ℓ2
−

2
u
1
+

u
2

ℓ
a
3

=
2
v
1
−

v
2

ℓ3
+

u
1
+

u
2

ℓ2

L
a
fo
n
ct
io
n
d
’i
n
te
rp
o
la
ti
o
n
s’
éc
ri
t
fi
n
al
em

en
t
:

v
(x

)
=

v
1
+

u
1
x
+

(

3
v
2
−

v
1

ℓ2
−

2
u
1
+

u
2

ℓ

)

x
2
+

(

2
v
1
−

v
2

ℓ3
+

u
1
+

u
2

ℓ2

)

x
3

=

(

1
−

3
x
2

ℓ2
+

2
x
3

ℓ3

)

v
1
+

(

x
−

2
x
2

ℓ
+

x
3 ℓ2

)

u
1

+

(

3
x
2

ℓ2
−

2
x
3

ℓ3

)

v
2
+

(

−
x
2 ℓ
+

x
3 ℓ2

)

u
2
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n
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p
ar
aî
tr
e
le
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n
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d
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rm

es
w
:

[

v
(x

)

u
(x

)]

=

  

1
−

3
x
2

ℓ2
+

2
x
3

ℓ3
x
−

2
x
2

ℓ
+

x
3 ℓ2
3

x
2

ℓ2
−

2
x
3

ℓ3
−

x
2 ℓ
+

x
3 ℓ2

−
6

x ℓ2
+

6
x
2

ℓ3
1
−

4
x ℓ
+

3
x
2

ℓ2
6

x ℓ2
−

6
x
2

ℓ3
−

2
x ℓ
+

3
x
2

ℓ2

  

   

v
1

u
1

v
2

u
2

   

=
[w

]
[u
]

L
e
ca
lc
u
l
d
e
la

d
éf
o
rm

at
io
n
re
p
o
se

su
r
l’
h
y
p
o
th
ès
e
d
’E

u
le
r-
B
er
n
o
u
ll
i
:

[´
]
=

´
1
1

=
−

∂
2
v
(x

)

∂
x
2

y

et
l’
éc
ri
tu
re

so
u
s
fo
rm

e
m
at
ri
ci
el
le

d
o
n
n
e
:

[´
]
=
−

y

[

−
6 ℓ2

+
1
2

x

ℓ3
−

4 ℓ
+

6
x ℓ2

6 ℓ2
−

1
2

x

ℓ3
−

2 ℓ
+

6
x ℓ2

]

   

v
1

u
1

v
2

u
2

   

L
a
re
la
ti
o
n
d
e
co

m
p
o
rt
em

en
t
es
t
ré
d
u
it
e
à
:

[s
]
=

[E
]
[´
]
=

E
[´
]

b
)
C
o
n
st
ru
ct
io
n
d
e
la

m
a
tr
ic
e
d
e
ra
id
e
u
r
lo
ca
le

L
es

te
rm

es
d
e
la

m
at
ri
ce

d
e
ra
id
eu

r
lo
ca
le

se
ca
lc
u
le
n
t
à
p
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r
d
e
l’
ex

p
re
s-

si
o
n
(7
.3
)
:

K
=

∫

V

[d
]t
[E

]
[d
]
d

V

=

   

K
1
1

K
1
2

K
1
3

K
1
4

K
2
2

K
2
3

K
2
4

(S
y
m
)

K
3
3

K
3
4

K
4
4

   

7.
4

A
p
p
lic
at
io
n
à
l’é

tu
d
e
d
’u
n
e
p
o
u
tr
e
so
lli
ci
té
e
en

fl
ex
io
n

1
6
1

L
es

d
if
fé
re
n
ts

te
rm

es
ét
an

t
:

K
1
1

=
E

∫

b
/
2

−
b
/
2

∫

h
/
2

−
h
/
2

∫

ℓ

0

y
2

(

−
6 ℓ2

+
1
2

x

ℓ3

)

2

d
x

d
y
d

z

=
E

∫

b
/
2

−
b
/
2

∫

h
/
2

−
h
/
2

y
2
d

y
d

z

∫

ℓ

0

(

3
6 ℓ4
−

1
4
4

x

ℓ5
+

1
4
4

x
2

ℓ6

)

d
x

=
E

I

[

3
6

x

ℓ4
−

7
2

x
2

ℓ5
+

4
8

x
3

ℓ6

]

ℓ 0

=

1
2

E
I

ℓ3

K
1
2

=
E

∫

b
/
2

−
b
/
2

∫

h
/
2

−
h
/
2

∫

ℓ

0

y
2

(

−
6 ℓ2

+
1
2

x

ℓ3

)
(

−
4 ℓ
+

6
x ℓ2

)

d
x

d
y
d

z

=
E

∫

b
/
2

−
b
/
2

∫

h
/
2

−
h
/
2

y
2
d

y
d

z

∫

ℓ

0

(

2
4 ℓ3
−

8
4

x

ℓ4
+

7
2

x
2

ℓ5

)

d
x

=
E

I

[

2
4

x

ℓ3
−

4
2

x
2

ℓ4
+

2
4

x
3

ℓ5

]

ℓ 0

=

6
E

I

ℓ2

K
1
3

=
−

K
1
1

=

1
2

E
I

ℓ3

K
1
4

=
E

∫

b
/
2

−
b
/
2

∫

h
/
2

−
h
/
2

∫

ℓ

0
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2

(

−
6 ℓ2
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1
2
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ℓ3

)
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2 ℓ
+

6
x ℓ2

)

d
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d
y
d

z

=
E

∫

b
/
2

−
b
/
2

∫

h
/
2

−
h
/
2

y
2
d

y
d

z

∫

ℓ

0

(

1
2 ℓ3
−

6
0

x

ℓ4
+

7
2

x
2

ℓ5

)

d
x

=
E

I

[

1
2

x

ℓ3
−

3
0

x
2

ℓ4
+

2
4

x
3

ℓ5

]

ℓ 0

=

6
E

I

ℓ2
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=
E

∫

b
/
2

−
b
/
2

∫

h
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−
h
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2

∫

ℓ

0

y
2

(
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4 ℓ
+

6
x ℓ2

)

2
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x

d
y
d

z

=
E

∫

b
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2

−
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2

∫

h
/
2

−
h
/
2

y
2
d

y
d

z

∫

ℓ

0

(

1
6 ℓ2
−

4
8

x

ℓ3
+

3
6

x
2

ℓ4

)

d
x

=
E

I

[

1
6

x

ℓ2
−

2
4

x
2

ℓ3
+

1
2

x
3

ℓ4

]

ℓ 0

=

4
E

I

ℓ

K
2
3

=
−

K
1
2

=
−

6
E

I

ℓ2

K
2
4

=
E

∫

b
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2

−
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2

∫

h
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−
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2

∫

ℓ

0
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(
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+
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x ℓ2

)
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=
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∫
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−
b
/
2

∫
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/
2

−
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/
2

y
2
d

y
d

z

∫

ℓ

0

(

8 ℓ2
−

3
6

x

ℓ3
+

3
6

x
2

ℓ4

)

d
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=
E

I

[

8
x ℓ2
−

1
8

x
2

ℓ3
+

1
2

x
3

ℓ4

]

ℓ 0

=

2
E

I

ℓ

K
3
3

=
−

K
1
1

=

1
2

E
I

ℓ3

K
3
4

=
−

K
1
4

=
−

6
E

I

ℓ2

K
4
4

=
E

∫
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/
2

−
b
/
2

∫

h
/
2

−
h
/
2

∫

ℓ

0

y
2

(

−
2 ℓ
+

6
x ℓ2

)

2

d
x

d
y
d

z

=
E

∫

b
/
2

−
b
/
2

∫

h
/
2

−
h
/
2

y
2
d

y
d

z

∫

ℓ

0

(

4 ℓ2
−

2
4

x
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+

3
6

x
2

ℓ4

)

d
x

=
E

I

[

4
x ℓ2
−

1
2

x
2

ℓ3
+

1
2

x
3

ℓ4

]

ℓ 0

=

4
E

I

ℓ
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4
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lic
at
io
n
à
l’é
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d
e
d
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n
e
p
o
u
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e
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té
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io
n

1
6
3

L
a
m
at
ri
ce

d
e
ra
id
eu

r
p
o
u
r
l’
él
ém

en
t
p
o
u
tr
e
es
t
:

K
ij

=

           

1
2

E
I i

j

ℓ3 ij

6
E

I i
j

ℓ2 ij

−
1
2

E
I i

j

ℓ3 ij

6
E

I i
j

ℓ2 ij

6
E

I i
j

ℓ2 ij

4
E

I i
j

ℓ i
j

−
6

E
I i

j

ℓ2 ij

2
E

I i
j

ℓ i
j

−
1
2

E
I i

j

ℓ3 ij

−
6

E
I i

j

ℓ2 ij

1
2

E
I i

j

ℓ3 ij

−
6

E
I i

j

ℓ2 ij

6
E

I i
j

ℓ2 ij

2
E

I i
j

ℓ i
j

−
6

E
I i

j

ℓ2 ij

4
E

I i
j

ℓ i
j

           

7
.4
.3

Im
p
la
n
ta
ti
o
n
e
t
ré
so
lu
ti
o
n
d
a
n
s
M
a
tl
a
b

L
e
p
ro
g
ra
m
m
e
p
er
m
et
ta
n
t
la

ré
so
lu
ti
o
n
d
u
p
ro
b
lè
m
e
es
t
le
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iv
an

t
:

%
P
a
r
a
m
e
t
r
e

m
a
t
e
r
i
a
u

E
=
2
0
0
.
e
9

;
%
[
P
a
]

%
L
o
n
g
u
e
u
r

d
e
l
a
b
a
r
r
e

l
b
=
1
.
;
%
[
m
]

%
C
a
r
a
c
t
e
r
i
s
t
i
q
u
e

d
e
l
a
s
e
c
t
i
o
n

b
=
0
.
0
2

;
%
L
a
r
g
e
u
r
[
m
]

h
=
0
.
0
4

;
%
H
a
u
t
e
u
r
[
m
]

A
=
b
*
h
;

%
S
e
c
t
i
o
n
[
m
^
2
]

I
=
b
*
h
^
3
/
1
2
.

;
%
M
o
m
e
n
t
q
u
a
d
r
a
t
i
q
u
e
[
m
^
4
]

n
e
l
=
5
;
%
n
o
m
b
r
e
d
’
e
l
e
m
e
n
t
s

n
d
o
f
=
2

;
%
n
o
m
b
r
e
d
e
d
e
g
r
e
s
d
e
l
i
b
e
r
t
e
p
a
r
n
o
e
u
d

n
t
o
t
d
o
f
=

n
d
o
f
*
(
n
e
l
+
1
)
;
%
n
o
m
b
r
e
t
o
t
a
l

d
e
d
e
g
r
e
s

d
e
l
i
b
e
r
t
e
d
u
s
y
s
t
e
m
e

l
=
l
b
/
n
e
l

;
%
L
o
n
g
u
e
u
r
d
’
u
n
e
l
e
m
e
n
t
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%
C
o
n
d
i
t
i
o
n
s

a
u
x
l
i
m
i
t
e
s

d
d
l
f
i
x
e
(
1
)

=
1
;
v
a
l
f
i
x
e
(
1
)
=
0
.
;

d
d
l
f
i
x
e
(
2
)

=
2
;
v
a
l
f
i
x
e
(
2
)
=
0
.
;

%
D
e
c
l
a
r
a
t
i
o
n

d
e
K
e
t
F

v
e
c
f
o
r
c
e

=
z
e
r
o
s
(
n
t
o
t
d
o
f
,
1
)
;

k
g
l
o
b
a
l
=

z
e
r
o
s
(
n
t
o
t
d
o
f
,
n
t
o
t
d
o
f
)
;

%
C
h
a
r
g
e
m
e
n
t

v
e
c
f
o
r
c
e
(
n
t
o
t
d
o
f
-
1
)

=
1
.
e
3
;
%
[
N
]

%
C
o
n
s
t
r
u
c
t
i
o
n

d
e
l
a
m
a
t
r
i
c
e
d
e
r
a
i
d
e
u
r
g
l
o
b
a
l
e

f
o
r
i
e
l
=
1
:
n
e
l

%
D
e
f
i
n
i
t
i
o
n

d
e
l
a
m
a
t
r
i
c
e
d
e
r
a
i
d
e
u
r
l
o
c
a
l
e

k
l
o
c
a
l

=
[
1
2
.
*
E
*
I
/
l
^
3
6
.
*
E
*
I
/
l
^
2

-
1
2
.
*
E
*
I
/
l
^
3
6
.
*
E
*
I
/
l
^
2
;

6
.
*
E
*
I
/
l
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Û
re
pr
és
en

te
le
s
m
od

es
de

dé
fo
rm

at
io
ns

po
ss
ib
le
s
qu

in
e
ch

an
ge

nt
pa

s
av

ec
le

te
m
ps

(s
eu

le
l’
am

pl
it
ud

e
va

ri
e)
.L

’a
na

ly
se

du
sy

st
èm

e
no

us
m
on

tr
e
qu

’u
ne

so
lu
ti
on

n’
es
tp

os
si
bl
e
qu

e
si

:

d
e
t(

M
−

1
K
−

v
2
I)

=
0

C
’e
st

l’
éq

ua
ti
on

au
x
fr
éq

ue
nc

es
du

sy
st
èm

e.
E
n
dé

ve
lo
pp

an
tl
e
dé

te
rm

in
an

t,
no

us
ob

te
no

ns
un

e
éq

ua
ti
on

po
ly
no

m
ia
le

de
de

gr
é

N
en

v
2
.L

es
N

ra
ci
ne

s
so

nt
le
s
fr
éq

ue
nc

es
pr
op

re
s
de

s
N

m
od

es
de

vi
br
at
io
n
du

sy
st
èm

e
(

v
2 1
,v

2 2
,

v
2 3
,.

..
v

2 N

)

.

1
0
.2
.4

D
é
te
rm

in
a
ti
o
n
d
e
s
m
o
d
e
s
p
ro
p
re
s
d
e
v
ib
ra
ti
o
n

P
ou

r
co

m
pl
ét
er

le
pr
ob

lè
m
e
au

x
va

le
ur
s
pr
op

re
s,

on
pe

ut
ca
lc
ul
er

le
s

N

fo
rm

es
de

vi
br
at
io
ns

co
rr
es
po

nd
an

ta
ux

N
m
od

es
de

vi
br
at
io
n.

S
in

ou
s
re
m
-

pl
aç
on

s
le
s
va

le
ur
s
de

v
n
: [

K
−

v
2 n
M
]

(Û
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